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A COMPARISON BETWEEN THE BERGMAN AND 
SZEGO KERNELS OF THE NON-SMOOTH WORM DOMAIN D'^ 


ALESSANDRO MONGUZZI 


Abstract. In this work we provide an asymptotic expansion for the Szego kernel as¬ 
sociated to a suitably defined Hardy space on the non-smooth worm domain Dp. After 
describing the singularities of the kernel, we compare it with an asymptotic expansion of 
the Bergman kernel. In particular, we show that the Bergman kernel has the same singular¬ 
ities of the first derivative of the Szego kernel with respect to any of the variables. On the 
side, we prove the boundedness of the Bergman projection operator on Sobolev spaces of 
integer order. 


1. Introduction AND Main Results 

A classical problem in complex analysis is the study of the Szego projection operator 
associated to a domain Q. C C”. If p is a defining function for Q., i.e., H = {z € C" ; p(z) < 
0} and Vp ^ 0 on the topological boundary bQ., the Hardy space is classically 

defined as 

holomorphic in Q.: ||■F||^ 2 (^) = sup J |/^(C)|^ da^ < °o| 

where Hg = {z € C" : p(z) < —e} and da^ is the Euclidean measure induced on bQ.^. 
Every function F in admits a boundary value function F and the linear space of 

these boundary value functions defines a closed subspace of L?{bQ.) which we denote by 
H^{bQ.). The Szego projection operator is the orthogonal projection operator 

^:L^{bQ.)^H^{bQ.). 

The operator Sq has an integral representation by means of the Szego kernel An; we 
refer to ll30l for more details. The geometry of the domain Q. is reflected in the kernel Kq, 
hence on the mapping properties of Sq. The behavior of the Szego projection has been 
extensively studied in the last 40 years in many different settings; among others, we refer 
the reader to the papers Jill g] [ST] 0 E] 0 EH] 111 |25l [11] [H] [H |25] 113122 0123 and the 
references therein. 

The smooth worm domain TE = TEp does not belong to any of the known situations. 
The domain TE was first introduced by Diederich and Eornaess in lITSl as a counterexample 
to certain classical conjectures about the geometry of pseudoconvex domains; for instance, 
the domain W is an example of a smooth bounded pseudoconvex domain with nontrivial 
Nebenhiille. 
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For p > I , the worm is the domain 

(1.1) W = {{zi,Z 2 ) G : |zi < 1 -r|(log|z 2 p),Z 2 7 ^ 0}, 


where r| is a smooth, even, convex, non-negative function on the real line, chosen so that 
r|^*(0) = [—p + |,p — |] and so that ‘ff’ is bounded, smooth and weakly pseudoconvex. 
We refer to the survey paper ll20l for a history of the study of the worm domain and related 
problems. 

Due to the peculiarity of the worm domain and the lack of general results regarding the 
regularity of the Szego projection of smooth bounded weakly pseudoconvex domains, the 
study of the operator is a natural and interesting question. 

In order to obtain information about it is useful to study the same problem for 
a simpler model of W, that is, the non-smooth worm domain Dp. Recently the author 
studied in El the LP and Sobolev mapping properties of the Szego projection operator 
associated to Dp, namely. 




Im 2| 


Figure 1. A representation of the domain Dp in the (Imzi, log |z 2 1 )-plane. 

The domain Dp is a simpler model of TF which has been already used to study the 
mapping properties of the Bergman projection operator associated to W, that is, the Hilbert 
space projection operator from ( W) onto the closed subspace of holomorphic functions. 
For results concerning the Bergman projection and kernel of the worm domain, the role of 
the domain Dp and related results we refer the reader to ||2l IH HJ] [TT] El Ell EH the 
references therein. 

In ll27l the Hardy space is defined as the function space 



(r..)£[0,f)x[0.p-f) 


sup 
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where 


L2F{t,s) = 


1 2 ^ 

J j F dQdxF J j F (^ — i{s-\-1). 


e 2 e 


27C/9 


dQdx 


R 0 


R 0 


1 1 
J J F ^x + i{s — t),eie^^'^^ dQdx + J J F (^ —i{s— 


dQdx. 


R 0 


R 0 


Therefore, the space is defined considering a growth condition not on the topo¬ 

logical boundary bD'^, but on the distinguished boundary 3Dp. In detail, the distinguished 
boundary 3Dp is the set 

3 Z)p = £1 U £2 U £3 U £4, 

where 

El = |(zi,Z2) :Imzi = p,log|z2p = 

El = |(zi,Z2) : Imzi = p -7t,log|z2p = P - ; 

£3 = |(zi,Z 2 ) Imzi = -p,log|z 2 p = “ (p“f)}; 

£4 = |(zi,Z 2 ): Imzi = -(P -7t),log|z2|^ = - (p - I) } . 

Adapting a decomposition introduced by Barrett in ^ and using some classical results 
for the Hardy spaces of a strip, the following result is proved in lIZTl . 


Theorem 1.1 (123). The Hardy space is a reproducing kernel Hilbert space with 

respect to the inner product 

■= ('^’^)z,2(aD'p) 

where F and G are the boundary value functions of F and G respectively. Moreover, the 
reproducing kernel of H^{D'^), i.e., the Szegdkernel, is given by 

Kiy [{wi,W2),(zi,Z2)] = Y, W2^^-’kj{wi,Z2) 

y'GZ 

.J 2) =y f __ 

8" 4ch[7t^]Ch[(2P-7t)(^-^)] 


where the series converges in H^{D'^) for every fixed (zi,Z2) in D'^. 

We point out that we use the notation Ch(;c) instead of cosh(x) to denote the hyperbolic 
cosine of x. 

Unlike the Bergman case studied by Krantz and Peloso in 1221 . the boundedness results 
in IZTl are proved without relying on an asymptotic expansion of the sum in (11.21) . Nev¬ 
ertheless, following I22I . we provide in this work and asymptotic expansion of the Szego 
kernel Kjy^ in order to enrich and complete the study of the Hardy spaces of begun in 
IZTl . In detail, we prove the following result. 
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Theorem 1.2. Let be n and define vp = 2 ^^* be fixed such that T <^ < 

min ^ 2 ) • Then, there exist functions pi, P 2 ,Gi,G%,E and E that are holomorphic 

in w andanti-holomorphicin z,forw = (w \, W 2 ) andz= (zi,Z 2 ) varying in a neighborhood 
ofD'p, and remain bounded, together with all their derivatives, for w,z G D^, as \ Re(wi — 
zr)| -G +°o such that 


(wj —Zj )Vo ^ 

(1.3) Kiy^{w,z) = ^ K{w,z) +e-^sn[Re{w,-m«i-mK{w,z) 

, P2(w,z) 


where 


^ PiKz) 


■+£(w,z) 
e j -W 2 Z 2 e Z -W 2 Z 2 


and 


K{w,z) = - 


■=K\{w,z) +K 2 {w,z) +E{w,z) 

G\{w,z) G2 {w,z) 


■ + ■ 


+ 


+ 


+ 


[/(wi-zi) + 2p][eP f-W2Z2] ' [e-^^^^^^^^_^2Z2][/(wi-zr)+2p] 

G3(w,z) G4(w,z) 


■ + ■ 


7C—/(m’ 1 —Z| ) 7t ^ 7 C—/(m’i—Z j) ^ ^ 

[e z - W2Z2] [e^^^ — W2Z2] [e z - W2Z2] [*(wi - zT) - 2 p] 
Gi{w,z) Ge{w,z) 


■ + 


[i(wi-zi)-2p][e (P z)-W 2 Z 2 ] _ W2z^][e-(|3-f) ,^ 2 ^ 2 ] 


Gi{w,z) 


G&{w,z) 


n-i(w] -Z] ) _ i(w|-;|)+7t _ 

e 2 -W 2 Z 2 e z -W 2 Z 2 


+ E{w,z) 


:=Ki{w,z) + .. .+Ks{w,z)+E{w,z). 


Notice that the dehnition of Dp (as well as the one of ‘ff') requires only that P > f ■ For 
simplicity of the arguments, we restrict ourselves to the case p > 7t. This is not a serious 
constraint since the most interesting situations for the worm domain occur when p tends to 

-j-OO, 

After proving the expansion (11.31) . we compare it with the expansion of the Bergman 
kernel contained in ||22l. The investigation of the relationship between the Szego and the 
Bergman kernel is a natural problem, but, to the best of the author’s knowledge, not much 
is known about it. Stein posed the problem of investigating this relationship in ll30l pg. 20] 
and made some comments about some specific situations such as the case of the unit ball 
where the Szego and Bergman kernel are explicitly known. In Il28ll the authors study the 
Bergman and Szego kernels of pseudoconvex domains of hnite type in C^. Moreover, they 
observe that in the special case of model domains of the form 

= {(21,22) e :Imz2 >F(2 i)} 

where P is a subharmonic, nonharmonic polynomial on C, the Bergman kernel can be 
expressed as a derivative of the Szego kernel. More recently, Hitachi lIThl realized the 
asymptotic expansion of the Bergman and Szego kernels of strictly pseudoconvex domains 
as special values of a family of meromorphic functions and Chen-Fu studied in ifTOl the 
ratio of the Szego and Bergman kernels for smooth bounded pseudoconvex domains in C". 
Finally, Krantz shows in lIT^ how to connect the Bergman and Szego kernels of strongly 
pseudoconvex domains via Stoke’s theorem. 
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Here we remark a direct connection between the asymptotic expansion (11.31) of the 
Szego kernel and the asymptotic expansion of the Bergman kernel . In detail, we show 
that the derivative of the expansion (11.31) with respect to any of the complex variables 
Wj,zj,j = 1,2 has the same types of singularities of the Bergman kernel. Therefore, we 
have a link between the Szego and Bergman kernels similar to the one observed in ll28l for 
model domains. 

Let us recall the asymptotic expansion of the Bergman kernel proved by Krantz and 
Peloso. The theorem we state here is slightly different from the one stated in 122, but it is 
not hard to deduce it. 


Theorem 1.3 1 II22I '). Let be ^ > K and define Vp = 2 ^-% ■ ^ be fixed such that Vp < 

h < min(l,2vp). Then, there exist functions (pi , 92 ,^ 1 ,... ,^8 that are holomorphic in w 
and anti-holomorphic in z, for w = {w\, W 2 ) and z = {z\,Z 2 ) varying in a neighborhood of 
Dp, and having size 0(| Re wi — Rezi |), together with all their derivatives, for w,z G Dp, 
as I Re(wi — zT)! —)• +°o. Moreover, there exist functions E,E G x Dp) such that 



as |Rewi — Rezi| —>■ + 00 . Then, the following holds. 


(1.4) Bo'p (VV, Z)=e^ sgn[Re(wi -z, )] (wi )vp^ g- sgn[Re(wi )] (wi _ 


The functions B{w,z) and B{w,z) are given by 


B{w,z) 


(pi(w,z) 


(P 2 (w,z) 


+ E{w,z) 


[e wzzi]^ [e 

:= Bi{w,z) + B 2 {w,z) + E{w,z) 



1I+i(H-|-Z|) 
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and 


B{w,z) =— -— 


F\{w,z) 


[((wi-Zi)+2p]2[eP ^-W 2 Z 2 Y 
_ F2{w,z) _ 

[/(wi -zT)+ 2p]2[w2Z2^ * 2 ’* ]2 
_ F3{w,z) _ 

7t-i(wi -q) _ 

[e 2 [eP 3 -W 2 Z 2 J 

_ A(w,z)_ 

[i{w\ -zT) -2p]2[e 4—^ -W2Z2]^ 


A(w,z) 


[/(wi-Zi)-2p]2[w2Z2-e (P 5)]2 

F(,{w,z) 


i(vi-Z[)+-K 


-W2Z2]^[W2Z2-e (P 

Fi{w,z) 


[/(wi-zi)+2p]2[w2Z2-eP ?][e * ‘ 2 *'^ -W 2 Z 2 ] 


^8(w,z) 


Jl+i(w| -Z|) _ 

2 — W 2 Z 2 J 


+ £'(w,z) 


[/(wi —zT) —2p]2[w2Z2 — 

;= -Si(w,z) + ... + B^(w,z) + E{w,z). 

Then, we prove the following result. 

Theorem 1.4. Let (w,z) be a point in the topological boundary bD'^ of the non-smooth 

d 


worm domain D’^. Then, 


lim 

(w,z)->(w,z) 




= C{w,z) 


where C(vi>,z) is a positive constant depending only on the point (vr,z). The same conclu¬ 
sion holds if we consider the derivative ofR^i^ with respect to any of the variables W2,zr 
orz 2 - 

Finally, we conclude the paper with a result about the mapping properties of the Bergman 
projection operator P^,/. Let AP(D'r,) denotes the Bergman space, that is the space of func¬ 


tions in LP and holomorphic on Dn. In 


the authors study the mapping properties of 


% and, using the expansion (ll.41 i. they prove the following theorem. 

Theorem 1.5 (||22l). The Bergman projection operator extends to a bounded linear 
operator Pjy^ :LP{D'^) AP{D'^ for every p in (l,+oo). 

Here we use again (ll.41 l to prove the regularity of the Bergman projection in Sobolev 
scale. 

Theorem 1.6. Let k be a positive integer. Then, the Bergman projection operator extends 
to a bounded linear operator 

Pw:W'‘’P{D'^)^W^’P{D'^) 


for every p € (1, +°o). 
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We conclude the introduction with a remark on Theorem 1 1.21 and on a difference be¬ 
tween the Szego and the Bergman setting. 

Given two biholomorphic domains Di and D 2 , it is well- known how to write the 
Bergman projection in term of Pq, and vice versa. This is a general result guaranteed 
by the transformation rule of the Bergman kernel under biholomorphic mappings (see, for 
instance, my Hence, from (ll.41 i. Krantz and Peloso also obtain an asymptotic expansion 
for another important non-smooth version of the worm domain. Namely, let Dp be the 
domain 

Dp = |(zi,Z2) e : Re(zie^''°sl^2l^) > 0, |log|z2p| < } ■ 

Then, the domains D'^ and Dp are biholomorphic ally equivalent via the map tp ; Dp 
Dp, (zi,Z 2 ) E-(e^' , 12 )- Both Dp and Dp have a central role in the study of the Bergman 
projection attached the smooth worm Tf'. We refer the reader to |l2]|20l for further details. 

In the Szego setting we lack a general transformation rule for the Szego kernel under 
biholomorphic mappings, therefore we cannot trivially use the asymptotic expansion of 
in Theorem 1 1.21 in order to obtain information on the Szego kernel attached to Dp. 
Thus, the Szego projection of the domain Dp must be independently studied. 

The paper is organized as follows. In Section |2] we describe the singularities of Kjy^, 
whereas in Section [3 we prove Theorem 11.21 The proof of the theorem is quite long, 
therefore we proceed step by step proving a series of different propositions and lemmas. In 
Section |4] we compare the asymptotic expansion of the Szego kernel with the asymptotic 
expansion of the Bergman kernel and in Section|5]we prove Theorem ll.61 

2. The singularities of Kpj 

In this section we describe the behavior of at the boundary. In particular we observe 
that, even if the space H^{D'^) is dehned relying on the distinguished boundary 3Dp, the 
kernel is singular on the whole topological boundary bDp. The privileged role of the 
distinguished boundary is echoed in the fact that Kjy^ has the worst behavior on 3Dp x 3Dp. 

Using the notation of Theorem ll.21 we notice the following facts: 

— for w,zG Dp the terms Ki and Ki become singular only if 

_ 

W2Z2 e 2 . 

This can happen only if log |w 2 p —?■ Im(wi) — j and log |z 2 p —>■ Ini(zi) — Thus, 
Ki and Ki are singular only when both w and z tend to the right oblique boundary 
line of the domain in Figure [T] 

— the terms K 2 and K 2 are similar to Ki and Ki and they are singular on the left 
oblique boundary line of the domain in Figure [T] 

— the term Kj, is singular when 

W 2 Z 2 ^e 2 or W 2 Z 2 ^e . 

Thus, Kt, is singular when both w and z tend either to the lower horizontal or the 
right oblique boundary line on of the domain in Figure [T] Notice that the worst 
behavior of the term is when W 2 Z 2 and {w\ — zT) —^ 2(P — 7t) since the 

singularities add up. Therefore, K^, has the worst behavior on the component £4 
ofdD'p; 
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— the term K 4 is singular when 

/(wi -ir)+;i 

W 2 Z 2 —e 2 or Im(wi — zf) —5> 2 p. 

Therefore, K/^ is singular when both w,z tend to the right oblique boundary line of 
the domain of Figure [T] and it has the worst behavior on £ 1 ; 

— the singularities of £5 are similar to the ones of £4 and the worst situation is when 
both w,z tend to £ 3 ; 

— the singularities of £§ are similar to the ones of £ 3 . The term in singular both w 
and z tend to left oblique or the upper boundary line of the domain in Figure [T^nd 
the worst situation is when both w,z tend to£ 2 ; 

— the term £7 becomes singular when 

W2Z2 ^ or ^(h’i —zT) — 2 p. 

Therefore, the term becomes singular when both w and z tend to the upper bound¬ 
ary line of the domain in Figure[T]and, like £ 4 , it has the worst behavior when both 
w,z tend to £ 1 ; 

— the last term Kg is symmetric to £ 7 . It is singular when w,z tends to the lower 
boundary line of the domain in Figure [T] and it has the worst behavior when both 
w, z tend to £3 . 


3. The reproducing kernel of 

This section is devoted to the proof of Theorem 11.21 The proof is based on a direct 
computation of the sum (11.2b . In order to simplify the notation, we define 


¥^)= f 

JR 




/RCh[7t^]Ch[(2p-7t)(^-2)] 
Then, we would like to compute the sum 

( 3 . 1 ) Y. 


d^. 


where the couple (x,A.) belongs to the set 

‘D = {(x,A.) e : |lmx-log|A.p| < 7t, < |A.| < 


Similarly to ll22ll . in order to compute ( 13.1b . we compute by means of the residue 
theorem and we keep track of the error terms that arise. 

Let us denote by gj the holomorphic function gy : C —C 

g*x5 

Ch[7tC]Ch[(2P-7t)(C-i)]' 

About the function gj, we have the following result whose easy proof we do not include. 
Proposition 3.1. The function gj is holomorphic in the plane except at the points 




C — 


1 




where Vp = Moreover 
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= ± 




±4) 


!(2p-7i:)Ch 71 


To compute /, (t) we shall distinguish two cases according to whether Rex > 0 or Rex < 
0. Let us focus now on the case Rex > 0. We shall use the method of contour integrals. 
As contour of integration we choose the rectangular box Yat centered on the imaginary axis 
with corners N + iO, —N + iO, N + ih and N — ih where h is chosen so that 


Vp 


< h < min 


1 ^ 
2 ’ 2 


(3.2) 

We have the following result. 

Proposition 3.2. Let p > 7t and fix h as above. We define 


Rj['i)=2m-Res[gj,^ + i^-^ 


[ 8ji^ + ih)d^. 

Jr 


Then, for all j in 


Ij{z)=Rj{z)+Jj{z). 

Proof. The residue theorem guarantees that 

[ = [ gji^ + ih)d^-i [ gj{N + i^)d^-i [ gj{-N + i^)d^. 

J-N J-N Jo Jh 

It is not hard to prove that the integrals along the vertical sides go to zero and obtain the 
conclusion. 

The proof for Rex < 0 is completely analogous, but we integrate along the similar 
rectangular box in the bottom half-plane. □ 

Thus, we have split the sum (13. Il l into two different sums, namely 


Y^ij{xW = Y^Rj{x)X’ + Y^jj{x)XL 

jew, jew jew 

Remark 3.3. For simplicity of notation, from now on, we restrict ourselves to work with 
Rex > 0. The case Rex < 0 is similarly obtained. 


Remark 3.4. The following equality will have a prominent role in our computations. Let 
a, in R such that a fO, then 


(3.3) 


M 


Ch(a -I- ib) 


= ( 1 - 


g-2sgn(a)(a+;fo) 

1 _(_g-2sgn(a)(a+;7)) 


3.1. The sum of the R/s. We prove the following proposition. 


Proposition 3.5. There exists a function E{i,X) which is smooth in a neighborhood of D 
such that D^E = 0(|Rex|“) as \ Rex| —!■ -foo and such that 


4vp 


(3.4) Y(,(x,X)= £rXx)X^ = ^ 


/TtVo . 

-^Xe^ 1 


. IT+H , 
— 1 


1 — Ae“ 


Ch[/- 


■ -f E (x, A) 


The convergence of the series is uniform on compact subsets of D. 
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Proof. From Proposition 13 .1 1 we have 


Rj{x)=2%iRes ( + 


2 %e 




2vpe' 


^x(4+4^ 


(2p-7i:)Ch Tlf + if) Ch + 


Our problem is to compute the sum 

Ki+4) 


(3.5) 


2 vpe 


;Ch 




■V = 2vpe 


i ix ^ . 

e^V 


yez Ch 




If we consider only the sum on the right-hand side of the previous equation, from (I3.31 l. it 
follows 


or. ■ 

e'^V 


;Ch 




i + i^4 


rtVo 

= 21 

jel, gT 

= 2{F-E + G), 


r+i- 


1 -- 


1 _|_g^2a{j)(f+i^) 


where 

o(;) = sgnQ'); 


F = F{x,X) = ^ 
iXO 


G = 


1 


Ch 


(.■=?); 


£ = £(t,« = £ 

JXO 


1 


About F, we have 


F = e- 


■ Y^e^ii+i)xj 

j<o 


^gi(¥-f)V = 


J>0 


Xe^-1 


fTlVR ^ 

_P ^ 

e 

1 -XgV 


and the convergence of the two series is guaranteed exactly when < iXi<e^. 

We analyze now the error term E. It results 

. • .■ iT+37I . • ; IT-371 


3/7Wr 

£ = <•^1 


f <0 


1 q_ e’x(;+*''p) 


;>o 


1 _|_e-^{f+'Vp) ■ 


It is easy to prove that there exists a constant c > 0 such that 11 + e "‘^(f)+'''p | > c > 0 for 
every f Hence the series which define E converge when e ^ < |A| < e ^ which 

• 1 *11 1 ImT —71 I. , Im't+Tl 

IS an annulus strictly larger than e^r- < |A| < . Thus the sums of the two series 

are smooth and bounded, with all derivatives smooth and bounded, in a neighborhood of 
F). Moreover, since the two series converge uniformly on a neighborhood of 21, we can 
differentiate term by term with respect to x and easily obtain that D'^E = 0(|Rex|“) as 
I Rex I —oo. The conclusion follows. □ 

3.2. The sum of the 7/s. It remains to compute '^Jjix)Xj. We recall that 








Its. Ch[7t(^ + ih)] Ch[(2p - tt)(^ + ih - j/2)] 

If we define o(^) = from equation (I3.31 l we obtain 

(3.6) 7;(x) = (Mj{x) - Ef\x) - Ef\x) +Ef\x)) , 
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where 

(3.7) 


Mj['i)= f c(^) 
i]R 




(3.8) 


Ef\x)= f a(^) — 
■' JR 






e‘ 


(3.9) 


£f(T)= f o(^) — 

■' Jr gii 


g,.|5|+(2p-7c)|5-4l 


-2sgn(^)[7c(§+;/i)] 




e 


t|5|+(2p-7c)i5-4l 


1 _|_e-2sgn(^)[7t(§+;/i)] 

g-2sgn{5-4)[(2p-7:)(5-4+;/.)] 
l + e-2sgn{§-4)[(2p-7:)(5-4+;/.)] 




(T)= [ o(^)- 

■' i]R 

(3.10) 


e 




|5|+(2p-7t)|5-4l 


g-2sgn(y[7c{§+;/7)] 

g-2sgn{§-4)[(2p-7:)(5-4+;/.)] 

1 -|_e-2sgn{5)[7l(5+!/!)] 

l + e-2sgn{5-4)[(2p-7:)(5-4+;/.)] 




Our problem has become the computation of the sum 


(3.11) 


'£jjiz)y=4e- 

jGlj 


xh 




k=\ jel. 

We will use the following scheme to compute the integrals (I3.71 l- (l3.101 l . If y > 0, we 
choose a positive 5 such that 0 < 5 < j jl and we consider 

r r r—h rh rj—^ r+o®- 

(3.12) / /= / +/ +/ + i + f = I+Ei+II+E2 + III- 

Jr LJ-oo J -8 Js J{-h J4+8J 

Analogously, for negative J’s, we choose a positive 5 such that J/2 < —5 < 0 and we 
consider 


(3.13) / /= / +/, +/,+//+/ 

Jr lJ-00 J4-8 J4+8 J -8 J 8 


/ = r + Ej*+//* + T^+m*. 


We remark that the case J = 0 is somehow special, but it could be treated in a similar way. 
Also, notice that the decomposition of the integrals above make sense even for 5 = 0; this 
choice of 5 will be the case in the computation of the sum of the M/s as we immediately 
see. 

Proposition 3.6. There exist entire functions = 1,2,3,4, such that 


Y. Mj{f)V = Ae 


-xh 


+ 


g2pi7i _g-2Pi/7 


_g2p,7, 


-2p777 


/T + 2p /T-2p (rt + 2p)(l-?ie^) 

\(/i(A.) ^ ¥2(1:, A.) 


■ + ■ 


■ + ■ 


(rt-2p)(l-AeM) (rt + 2p)(l-Ae-(M)) {ix-l^)(f-Ee^) 

_ ¥ 3 (t:,A) _ ¥4(t:,A) 

■ (1 -A^>'^”)(1 -Ae-(M)) {l-Xe^-^){l-Xe ^)\’ 


(3.14) 
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where 


\|/j(X) = \(/3(T,A)=^e Jt);/! 

V2(tA) = V4(xA) = 


gT+P-’t- 1 

rt + 2p - 271 

g5-P+7t_ J 


rt - 2p + 271 

Proof. First of all, we have to compute each single Mj{x). In this case we choose 5 = 0 
in ( 13.12b and (13.13b so that we do not have the error terms £ 1 , £ 2 , £[* and We begin 
focusing on the positive /s. Therefore, 

(3.15) /^g2p//,g-(2P-7t)^ J *g(''r+ 2 P )5 

(3.16) ;;^g2{p-7c);/.g-(2p-7t)^ f 

J& 

(3.17) /// = e-2P!Vjg(2p-7t)^ g(rt- 2 p) 5 ^^_ 

74+8 

Choosing 5 = 0 we obtain 


)'T+2p—27t)^ 




1 = 


^2p,7. 


/T + 2 p 

///= - 


-( 2 p-jc) 4 . 


// = 


4+8 

g2(P-7t)!/! 

/T + 2p - 27t 




i_g-(2P-")4V 




/x — 2p 

Summing up over the positive /s we obtain 
(3.18) ^My(x)A^= ^ (/ + // + ///) A^' 


7>0 


7>0 


g2P(7! 

■ A ■ 

g-2p,7. 

A ■ 

ix + 2 p 

Lp-?-aJ 

ix- 2 p 

ft-Tt . 

le — AJ 


+ 


Ae-{P-f)e2(P-7i);/! 

(1 — Ae~2~^ —Ae^fP^x)^ 


gT+P-" - 1 
/x + 2p -27t 


Notice that we do not have a singularity when x —(> 2p — 2k. 

Analogously, using (13.13b . we obtain a result for negative /s. Choosing again 5 = 0, 
we obtain 

(3.19) ^ My (x) A2 = ^ (/* + II* + III *) A2 

j<0 j<0 

2 PI/I 


/x + 2 p 


1 


-2P(7! 


1 


Ag^-lJ /x-2pA^P-f_i 


Ag-2(P-")!\P-f 

gf-P+7t _ 2 

(A^P-f-l)(A.^-l) 

/X - 2p + 27t 


(3.20) 


It remains to compute Mo(x)but it is immediate to verify that 

g2pi7i g-2P(77 


Mo(x) = - 


il + 2 p il — 2 p 
Simplifying the notation a little bit we obtain ( 13.14b as we wished. 


□ 
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At this point, we wish to evaluate the sums for k = 1,2,3. Recall that 

we are still supposing that Re T > 0. We hrst introduce some domains which all are neigh¬ 
borhood of (D, namely 

(3.21) !D' = {(T,A,)eC^: |lmT-log|A.|2| < 27t, |log |A,|2| < 2p -1}; 

(3.22) © 00 , 2,1 = {(x,A.) eC^ : |lmT-log|A|2| <27t,|A| >0}; 

(3.23) 52p+3„ = {xeC:|ImT|<2p + ^7t}. 

Proposition 3.7. Let us consider 


r 

g-2sgn(5)[7c{5+,-/!)] 

/]R'''’'e"l^l+(2p-7i)l5-4l 

1 -|_e-2sgn(5)[7c{5+,-/i)] 


where o(^) = e-*sgn(§) 7 c/,-!Sgn(^-; 72 )( 2 | 3 - 7 c)/,_ 


(3.24) 


jcl. 


'P(')(T,A) 






where Qfg holomorphic functions in a neighborhood of “D, bounded together with all 

their derivatives as | Rexj —>■ oo. 


Proof Notice that with our choice of h (see (I3.21 i'). it results that 1 + e 2sgn(5)[7c{5+,/!)] ^ q 
for every We decompose the integral dehning as in (I3.121 i and (I3.131 l. according to 
whether j is positive or negative. 

We start analyzing the error terms E\ and £ 2 - We have 


2;i=e2p,V{2P 


J ef 


0 „2rc(^+ih) 

-’T+im ^ 


1 _|_ g27c{§+,'/!) 


_|_g2(|3-7c),'/ig-(2|3-7c)^ f g(rt+2P-2,t)§_ 

Jo 1 


d^ 

-2nif+ih) 


. g-2nf,+ih) 


d^, 


from which we deduce 


(3.25) 

;>o 


Ae-(P-f) 

1 -Xe-M 


X 


rO ^ 2 n{^^ih) 

,2p,7, f ^{n+2^n_f_ 


1 _|_ g27c(§+,'/l) 


d^- 


2(p-7t)!/! 




■x+2P— 2 , 1 )^_ ^ 


-27c(§+,/i) 


1 _|_ g-27t(5+,7!) 



We conclude that 

(3.26) e-^^ E 

7>0 


e-(P-f) 

l-Xe-M 




where (x,A) is entire and bounded together with all its derivatives as |ReT| —00 and 
Imx remains bounded. 

To deal with £2 is a little more complicated since the extremes of integration depend on 
j, but we cannot compute explicitly the integral in order to proceed with the sum in j. In 
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fact, we have 


■E, = e2{|3-7c)i'/ig-(2|3-7c)^ n g(!X+2p-27t)5_f. 

Ji-5 14 

•'i 

= ^j+^j- 


-27i(5+!/!) 


g-2jt(5+i/i) 




i ^—27t(£4-///) 

-2P1A {2p-7:)i p ,(<x-2p)^_i 


1 _|_g-27l(5+!/!) 




We notice that 


-2n{^+ih) 


1 _|_ g-27C(§+i/l) 


t:>0 


-2jc{5+i/i) 


n k 


^>0, 


where the series converges uniformly on compact sets with bounds uniform in j > 0. This 
allows to interchange the order of integration and summation over k. Then 


= _g2(P-7t)!/!g-(2P-7l)^ / 2 ^(!T+2P-27t)5 ^ 


k>0 


_g-M^+‘h) 




= _e2(P-7t)l/!g-(2P-7t)^ ^ 

k>0 


—2nih 


Ik ri 


^(/T+2p—271—27 uA:)§ 


'i-S 


d^. 


Summing up on positive /s, we obtain 


Y^AjXj = Y. Y 

j >0 j >0 k >0 


-2nih 


^k ri 


1^-5 


g(!X+2P-27i-27ct:)5^^ 


= _g2(P-7c)i/i 


E 

k>0 


— 2 nih^ ^ 


Y^X^e 

j>o 


(iX-Tc)^ /'*' g{'X+2P-27c)5 -27t<:(5+3) 


d^ 


= _g2(p-Jc)i/i ' 


yt>0 


(3.27) = -e2(P-Jx)i/> ^ 

k>0 


—e 


—e 


-2%ih 


-2%ih 


. ix-K-lnk 

Xe — 2 — 

A TT '^TZk 

1 — 2 


g(!X+2p-27i-2jct:)5^^ 


7C+2;iA:-t'C . i 

e 2 — A,J 


hf\z), 


where hf'^ (x) is an entire function such that 


hf\x) 


<cge 


2nk5 


I _ g-8(2P-Imx) 

2P — Imx 


Notice that we do not have a singularity when Imx —2p. The convergence of the sum in 


j is guaranteed when 


Xe^ 


< 1 and this last condition is satisfied for every positive 


k when the pair (x, A.) belongs to !ZTo, 27 i ■ 

We still have to study 'E.j>oBjXX We have 


Bj = _g-2p./v(2P-7t)^ ^ 


k>0 


-2mh 


^{n-2^-2nk)^ 


d^. 
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Then, 


7>0 ,/>0 ^>0 


—e 


-Inih 


ik /'2+8 


,(ix—2p—2nk)^ 




- ' 


(3.28) 


= _e-2P<A 


k>0 

E 

k>0 


-2nih 


-2nih 


j>0 


^{iz—2^—2nk)^ 


4 


Ji+27C^-rt ,, 

e 2 —A,. 


/zf (x). 


Here h^\z) is an entire function such 


(k) 


< 


l_g-5{Imi:+2p) 


Imx+2(1 


and we use the fact that 




< 1 for every positive k. In conclusion, 


(3.29) Y . 

j>o 


- Y 

k>0 


X 

n+lnk-ix . 

le 2 —XJ 




We want to prove that this sum on k converges to a function holomorphic on the domain 
2Xo,27c- To prove this is enough to assume 5 < 1 /2 and to notice that, for fixed M > 0, it is 
possible to select Xq large enough so that for all k > ko, when (x,X) € 2Xc,27i with Imx < M 
and |X| < e^, we have that 


n+litk-ix 

e —2— -X 


> ce^'^. 


Thus, the sum in k is uniform on the fixed compact set. Therefore, we have 


(3.30) 


-xh 


Y = e 

i>o 


-xh 


'^2{p-n)ihyyW ^ e-2MipW X) 


£ 2 ' 


where 'T^|(x,X) are holomorphic on 2 Xc, 2 ji, bounded together with their derivatives as 
|Rex| —> 00 and Imx and X remain bounded. We took care of the error terms Ei and £ 2 ; 
using the same strategy, we now study I, II and III. We have 


-8 




pM^+ih) 


d^'. 


1 _|_ g2jc(5+i/i) 

//= ^(,1+215-271)5_f_ 

Jh l+e-27:(5+7/!) ^ 


= _g2(P-^)'A^(2P-7c)^ ^ 


k>0 


—e 


—2nih 


k ... 


g(!T+2|3-27i-27ct:)5 


,■ /■+“> ^-271(5+!/!) 

J 4 +0 


= _e-2p<'/<g(2p-7c)4 ^ 
k>0 


^—2nih 


1 _|_g-27l(5+!/!) 

1 k r+°° 


g(rt-2|3-27x*)5 



16 


ALESSANDRO MONGUZZI 


Then, if A,e 5) <1, we obtain 


./>o 


= gZp;/! 


1 -Xe-^ 

X 

e(^-i)-X. 


e(*^+2P)5_f_ 


^ ■_e2m7.' ‘ 


g-6(/T+2p+27c^) 

/t -|- 2|3 ~\- 2 .Kk 


2f,ih \ ^/(^A) 

U^-i)-X 


where ‘T/ is holomorphic in a neighborhood of 'D. In fact, let us consider 


y = {(xA) 


e : Imx- 


-log|Xp| <27t,|log|Xp| <2p-||. 


Then, on this set, the holomorphicity of 'T/(x, ) as a function of X for every x fixed is 
obvious, whereas for the holomorphicity of‘T/(•, A.) we have 


r ^ g-8(ix+2P+27ct:) 

_^2Tiih f_ 

/x T 2p T 'Xiik 


< /(ImT-2p)_f__ 

[(Rex)^ + (2p + 27tA —Imx)^]2 

^ ^^5(1111^—2p)^—27r/:5 


This is true because Imx < 2|3 + |7i < 2|3 + 2nk for a\\ k > 1. Thus, we have uniform 
convergence and we can conclude that 

(3.33) Y . . 

j>o ^ 2)—X_ 


where 'T/(x,A) is holomorphic in ‘D'. 
About II, notice that 


jj _g2 (P—t:)!'/!—( 2P—7t)^ ^ _^—2nih ^^{ix+2^—2n—2nk)5 


g(i'x+2P-27c-27:yt)(^-25) _ ^ 

/X + 2p - 27t - 2%k 


and we do not have a singularity when /x + 2p — 27t — 2 nk tends to 0. 


If we suppose again Xe' 


< 1, we get 


_g2(P-7i)!/! r_g-27ti/i1 ^ g(ix+2P-2jc-27i/:)8 

^ //X, ^ = _ ^ _:_ 

e ^-2 -X i>o /X + 2p -27t - 2 %k 

■^-2{,x+2p-2:r-2^^)8(^P-f 

^ iTtk+n-n 

e 2 -X 

We want to say something more about the sum in k. For each M > 0 we can select ko 
such that for every k> ko and (x, X) with | Imx| <M and |A| < e^, we have 


-X\ > 


27t{k+l)-M 


_e"> 


so that the series in k converges uniformly on the fixed compact set and we conclude that 


-r/i ^ jjy ^ _g2(p-j[)(/ig-x/! ^22(j A) 

/To [e^-2-X_ 


where is a function holomorphic in ®oo, 27 c. 
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Finally, for (x, A-) in (D', it holds for every positive k that 'ke'^ ”7 < 1, so the sum of 


the ///’s results to be 


r i- r _8(!X-2R-27 iI:) 1 r ^ IX 2llk 

(3.35) ymV=e-^^‘^y _e-2m7i - - 

J ix-2^-2%k 


We have to discuss the sum over k. We notice that 


1 — A-e 


i'Z—n—2'nk — —Irax—n—lnk 


* /Ret 

ke~^ 


\ iSiEil 


is uniformly bounded in k. Moreover, since Imx > —2p — |7t > - 2 p- 


2 nk for every positive k, the series ^ f— 

k>o L 

and we conclude that 


,8(rt-2p-2llJ:) 
zT—2B—271^ 


converges uniformly in x 


(3.36) y mV = 

7>0 

where ‘F///(x,A) is holomorphic in D'. We remark that the functions ‘F/,'F// and 'F/// are 
bounded together with all their derivative as | Rex| —> 00 and Imx and A remain bounded. 

We now focus on the sum over negative /s. Again, we start analyzing the error terms 
■Ej* and We have 


q^* — g2p(7ig-(2(5-71)^ 




j e(''''+2p)5g27c{5+i/i) 


'4-8 1 + e2jt(5+i/i) 


+ e-2(P-ii)i\(2P-7c)4 


j g{'X-2P+27c)§g27t(^+!/!) 


1 _|_ g27c(5+i/i) 


If we suppose (x, A) € 2Ao,27c, then Ae 2 > 1 for every positive k, so we obtain 


£cA' = -rP'*E 


k>o Ae 


'_g 2 KihY ^0 
rt+jt+2jl*r ' / „ ^ 

-2- - 1 7-8 


,(!X+2p+27i/:)4 


Now, since (x, A) is in Dcy,^ 27 i, it holds |A| > ^ x for every posi¬ 

tive k, so 


ix+n+lnk _ i I Tt+lTik-lmx 


ix+Ti+lnk I 7i+27tfe-ImT / Init_ Imt-3;i 


Using this estimates and the fact that /®gei'''+2P+2’'U4(;/^ is uniformly bounded in k, we 


can conclude that 




where is holomorphic in (Doo^in- Similarly, 


yojV = 


-1 Jo 


g(ix-2p+27[+27iI:)4 
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Arguing as before, if in addition we suppose 5 < 5 , we obtain 


j<0 



( 2 ) 

where is holomorphic in 'Doo^ 2 n- 
In conclusion we obtain 


(3.37) 


-xh 


E ^ 

./<0 


-xh 


(x, X) + X) 


where (x, X) are holomorphic on Do, 

For it results 


,271- 


/-O ^{'r-2P+2jc)5 2jt(5+i/i) 

^ ^ r f- e 

7-8 1+^271(5+!/!) 


-2^ih r 

7o l+e-2Jt(?+i/!) 




It follows, for 




> 1 , 


(3.38) 

j<o 

(3.39) 


Xe^2~ — 1 


^ —2(p—7t)z/l 


rO g(!X-2p+27t)5g27t(5+i/l) ^ ^8 g(!X-2p)5g-27t(5+!/i) 


-8 l+eM^+ih) 




lo 1 + e-2it{5+'/>) 


4 


We conclude that 


(3.40) 


^ £ 2 * V = , 

2<0 


-xh 


XeP-f -1 


where ‘Pej is entire. 

Let us see what happens with the principal terms I*,II* and III*. We have 


/* = _g2Pi'/7g-(2p-7[)^ n ^^((X+2P)^ ' 






k>0 

8 _ r ...it: 


[[* = _g-2{P-ic)i'/ig(2p-7c)^ / g{i'x+27i-2P)5 Y 

/i+8 


///* = e-2pi/.g(2p-7:)> r ^{n-2m_l 


_^2it{^+ih) 


k>0 
-2x{^+ih) 


d^\ 


1 _|_g-27l(5+!/i) 
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Then, if we suppose (t,A-) in T)', it holds 
(3.41) 


Xe- 


> 1 for every positive k, so 


£ I*y = £ 

7<0 k>Q 


—e 


2nih 


1 k , 


-S(it+2P+27c/:) 


/t “h 2|3 -j- '2.7ik 


A iX+Tl+lKk 

Ke 2 — IJ 


(3.42) 


y n*y = y ^ ^ J 

j<o M) *'i:- 2 p + 27 t + 27 t^ 


„-8(rt-2|3+27t+27cA:) b{n-2^+2Ti+2nk) 


(3.43) ^ //rx^' = 


-2P?77 


j<0 


^ 2p-7t 

Xe^2~ — 1 A:>0 ^ 


—e 


-Inih 


-ik g8(!T-2P-27tt:) 

h — 2 p — Ink 


. /t+ii+2;iA: 

Xe 2 — 1 


Notice that (x, A.) € 27' implies that it + 2p + 2Kk ^ 0 for every positive k, therefore 


(3.44) 


—zh 


^rA^ = -e2P'\-"V/*(T,A), 


./<o 


where 'T/* (x, A) is holomorphic in D'. Analogously, for we have 


^5(iT:—2p—27Cfc) 

iX - 2 p - 2%l 


< 


p5(—Imi—2p)^—27 i6^ 


[(Rex)^ — (Imx + 2p + 27tA)2]3 


< Ce 


-2nhk 


where the last inequality is true since Imx > -2p-|7t > —2p — 2'iik for every A ^ 1. So 


(3.45) 


-ih 


^ iii*y = 


„2P//, 




y<o 


‘P///*(x) 


AeP^x - 1 


where (x) is holomorphic in About (13.421) we notice that we do not have a 

singularity when /x — 2p + 27t + 2Kk 0. Then, for every M > 0 and (x, A) € £> 00,271 such 
that > |A| > and | Imx| < M we can choose Aq such that for every A > Aq it holds 

1 


. /T+7t+27C^ 

Ae 2 -1 


> e 




Using this last estimate we can conclude that 


(3.46) 


-zli 


£ II*Xj = _e2{P-7r)(/. 


;<o 


-1 > -e 


e-^'"'T//*(x,A) 


nk 


AeP-f - 1 


where 'T//»(x,A) is holomorphic on £> 2 :it,oo. It remains to study the term Using 

some of the same arguments we used before it is possible to conclude that is a 

holomorphic function in 3 ^. We remark that all the functions'T* are bounded together 
with all their derivatives as | Rex| — 0 ° and Imx and A remain bounded. Finally, we deduce 
1321 from equations dll^ . (E^, dlATTi . dill . (1331 . dlJTll . dllfill . (EH, EH and 

EH). □ 

It remains to compute the sums ('t)A2 ,A = 2,3. In order to keep the length of 

this work contained, we do not include the proofs since are similar to the one of Proposition 
I3.7l and we only state the results. We refer the reader to ll26l for full details. 

We recall that 


3 ( 2 ) 


(x) = f a(^) 
Jr 




-2sgn(5-^) [(2P-7t) (5-^+!'/!)] 
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and 




^-2sgn(^)7t(^+(//) 

g7t|5|+(2P-7t)|^-^| 1 +e-2sgn®7c(§+i/i) 

g-2sgn(5-^) [(2P-7c){§-^+i/i)j 
_ 

j _l_g-2sgn(5-^) [(2P-n:)(5-4+i/i)j 


d^, 


where 

_ g-isgn®7:/ig-!Sgn(§-4)(2P-7t)/i^ 

Then, it holds the following proposition. 


Proposition 3.8. There exist k — 1,2,3, and 0 holomorphic functions in a neighbor¬ 
hood of T), bounded together with all their derivatives as | Rexj —>-00 such that 


(3.47) 


e-^h ^ ^ g-x/, 

;GZ 


4>(')(x,A.) 

1-A,e^ 


4>P)(x,A.) 

7 t'C+TC 7 

— 1 


4>(3)(x,X) , 


and 

(3.48) e-^'^ Y. 

jcl. 

We finally have all the ingredients to prove Theorem ll.2l 


Proof of Theorem \l .2\ Recalling that x = wi —zT and A. = W 2 Z 2 and assuming that Re(wi — 
rr) > 0 we deduce (ll.31 l from (13.11 1. (13.41) . (I3.141 i. (13.241) . (I3.471 i and (13.481) . We point out 
that, in order to obtain a shorter formula for (11.31) . we grouped together the first and the 
fifth main terms of (13.141 ) with the first main term of (13.241) . whereas we grouped the 
second and the fourth term of (13.141) with the second term of (13.241 i. The conclusion for 
Re(wi — zT) < 0 is similarly obtained. □ 


4. Comparison with the Bergman kernel 

In this section we prove Theorem 11.41 The conclusion follows by an explicit computa¬ 
tion of the derivatives of the kernel Kjy^ (w,z). 


Proof Let h be fixed such that both (11.31 ) and ( 11.4b hold. We prove the theorem explicitly 
only for ; the proof for the others cases is similarly obtained. 

It is not hard to verify that there exist functions pi, P 2 and “E with the same properties of 
pi,P 2 and E in Theorem ll.21 and functions Gk,k — 1,... ,8 and T, with the same properties 
of the functions Fk,k — 1,..., 8 in Theorem ll.31 such that 


(4.1) 


^Kiy = e-sgn[Re(wi-zi)] *"‘ !?C(w,z) + 3(;(w,z) 

OWl P 


where 


^(w,z) 


Pl(w,z) _ P 2 (w,z) _ 

-Ip _n2 r -ZT) _, 2 

[e 2 -W 2 Z 2 J [e 2 -W 2 Z 2 J 


'E(w,z) 
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and 




Gi{w,z) 


G2(w,z) 


[/(wi — zi)+2p] [gP 3—wjzi] [e —yv2Z2\^[i{wi—zi)+2^\ 

Gi{w,z) , Ga{w,z) 


r ^ i(“;i :i) —-^Ir R_lt —r ^ '(“'1 ~l) —\ oRl^ 

[e 2 -W2Z2J [e^ ^-W2Z2j [e ^ -W2Z2j “-^Ij “ 2 pJ 
G${w,z) , G(,{w,z) 


+ 


[/(wi-zi)- 2 p]^[e (P 5 ^-W 2 Z 2 ] [g-2'’^” - W2Z2] ^ - W2Z2] 

Gt{w,z) , Gsiw,z) 


r “■ »\»i <-iJ _ -I z r _ i ^ 

[e 2 -W 2 Z 2 J [e 2 -W 2 Z 2 J 

Then, the conclusion follows comparing (14.1b and (11.4b . 


■ + 'E(w,z). 


□ 


5. Sobolev regularity oe the Bergman projection 

In this section we prove Theorem ll.6l The crucial fact is that the operatorcommutes 
with the differential operators and we can conclude using Theorem ll.51 


Proof. Let us focus for a moment on the term 


Bi(w,z) 


r JI-1'(W| -rr) _ 

[e 2 — W 2 Z 2 J 


2 


of the expansion (11.4b . The key observation is the fact that differentiating Bi(w,z) with 
respect to wi or W 2 is, in some sense, the same as differentiating with respect to FT or Z 2 
respectively. In fact, both D„^B{w^z) and D^B{w,z) are of the form 


D„^Bi{w,z) 


8i(w,z) 


ii-i(w| -:|) _ 

[e 2 -W 2 Z 2 J 


—n4 


and 


Z%Bi(w,z) 


Yi(vL,^) 

7i-/(wi -rr) _. 

[e 2 -W 2 Z 2 


4 


where 5i and yi are functions with the same properties of (pi. The same is true if we 
consider higher order derivatives or we differentiate with respect to W 2 and Z 2 - This prop¬ 
erty holds for each term of the asymptotic expansion of the kernel B£,/^(w,z), therefore, 

with an abuse of language, we can conclude that, for k fixed integer, D^^,Bjy^ and D^Bjy^ 
have the same asymptotic expansion. This expansion is of the form (11.4b and we write 
DiBjy « DiBo' . 

Since Dp is a Lipschitz domain, it satisfies the segment condition. Hence, the set of 
restriction to Dp of functions in fr^(IR,^) is dense in IT^’P(Dp) (see, e.g., |[T1 Theorem 
3.22]). Thus, let / be a function in and let k and I be fixed integers. 
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d\^d[M{zuZ2)=d'1^d[^ / f{w)B{z,w) dA{w) 

= /, f{w)D\y^^B{z,w) dA{w) 

« f Jiw)Di^DL^B{z,w) dAiw) 

JD^ 

= - (, [D'y^'wifiw)\B{z,w)dA{w) 

JDp 

= \[D^wTDy]{zuZ2). 

The proof is easily concluded using this relationship and Theorem ll.5l □ 
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